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Abstract. P. Hall introduced the notion of isoclinism between two groups more than 60 years 
ago. Successively, many authors have extended such a notion in different contexts. The present 
paper deals with the notion of relative n-isoclinism, given by N. S. Hekster in 1986, and with 
the notion of n-th relative nilpotency degree, recently introduced in literature. 



1. Introduction and Statement of Results 

Every locally compact topological group G admits a left Haar measure /ic, which is a positive 
Radon measure on a cr-algebra containing Borel sets with the property that ^q{xE) ~ ^q{E) for 
each element x of the measure space G (see |13[ Theorem 2.8]). The support of is G and it 
is usually unbounded, but if G is compact, then is bounded. For this reason we may assume 
without ambiguity that a compact group G has a unique probability measure space, where ^.q is 
normalized, that is, ^q{G) = 1. 

Let G be a compact group with the normalized Haar measure ^q. On the product measure 
space G X G, it is possible to consider the product measure ^.q x ^q. If 

G2 = {{x,y)eG^G\ [x,y]^l}, 

then G2 = where f : G x G ^ G is defined via f{x,y) — [x,y]. It is clear that / is 

continuous and so G2 is a compact and measurable subset of G x G. Therefore it is possible to 
define the commutativity degree of G as 

We may extend d{G) as follows. Suppose that n > 1 is an integer, G" is the product of n-copies 
of G and iiq that of n-copies of /i^. The n-th nilpotency degree of G is defined to be 

d(")(G) = A^S+\G„+i), 

where 

C„+i = {(a;i, . . .,Xn+i) e G"+^ | [xi,X2, ...,x„+i] = 1}. 

Obviously, if G is finite, then G is a compact group with the discrete topology and so the Haar 
measure of G is the counting measure. Then we have as special situation for a finite group G: 

d(")(G)=M'G+i(G„H.i)-^^ 



|G|"+i' 

When n = 1, literature can be found in [3 [3 H il [H] . 

Let G be a compact group and H he a closed subgroup of G. It is possible to define 

D2 = {ih,g)eHxG\ [h,g]^l}. 

Then D2 — <f)^'^{l), where (j) : H x G ^ G is defined via (j){h,g) — [h,g]. It is clear that cj) is 
continuous and so D2 is a compact and measurable subset oi H xG. Note that (j) is the restriction 
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of / under H x G. This remark shows why H has to be required as closed subgroup of G. Then 
we may define the relative commutativity degree of H with respect to G as 

d{H,G) ^ i^iH X flG){D2). 

Considering 

Dn+i = {{hi,,...,K,g) eH"^ xG \ [hi,h2, ...,hn,g] = 1}, 
we define the relative n-th nilpotency degree of H with respect to G as 

d(")(i?,G)-(A*^^x/iG)(A.+i). 
The following notion is fundamental for stating our results (see for terminology [II [H IHl [IHl [HI 

Definition 1.1. Let Gi, G2 be two groups, Hi a subgroup of Gi and H2 a subgroup of G2. A 
pair {a, (3) is said to be a relative n-isoclinism from (iJi,Gi) to (i?2,G2) if we have the following 
conditions: 

(i) a is an isomorphism from Gi/Z„(Gi) to G2/ Zn{G2) such that the restriction of a under 
Hi/{Zn{Gi)r\Hi) is an isomorphism from Fi/(.Z„(Gi)nf/"i) io H2/ {Zn{G2)f^H2), that is, 

fVip man ■ v v v Gi , H-2 ^ ^ H2 

uue map a . z^(n,-)nH, ■■■ (n,)nH, ^ 7:^(a,\ ^ z^(n^)nH., ■■■ z^(n^-)r 



Z„{Gi)nHi ^ ■■■ ^ Z„{Gi)nHi ^ Z„(Gi) ^ Z„{G2)nH2 ■•■ Z„(G2)nH2 Z„(G2) 

is an isomorphism; 

(ii) /3 is an isomorphism from [„_ffi,Gi] to [n-ff2,G2]; 

(iii) Considering for each ft,i,...,/i„ G fci,...,fc„ e _ff2, .91 G Gi, 92 G G2 there exists a 
commutative diagram in which the map 

7(n,i/i,Gi) : ((/^i(Z„(Gi) n i/i), /^„(Z„(Gi) n i/i), 5i^„(Gi))) £ ^ ^ x ... 

i?l Gi 



1-^ [/ii, /i„,gi] e [„i?i,Gi] 



Zn{Gl)r\Hi ZniGi] 

and the map 

7(n,iJ2,G2) : ((fci(Z„(G2) n i/2), fc„(Z„(G2) n iJ2), g2^n(G2))) £ 



Z„(G2)ni/2 



- ^ 7 ^r^^^n H- ^ "F^^ ^ [fci,...,fc„,g2] e [„i?2,G2] 

can be composed by the rule 

7(n,i/2,G2) o o 7(n,Fi,Gi). 



It is easy to see that Definition 11.11 is well posed. In particular, two groups Gi and G2 in 
Definition II . 1 1 are called isoclinic if n = 1, Hi = Gi and H2 = G2. 

P. Hall already pointed out that two groups which are isoclinic can allow us to define the 
isoclinism as an equivalence relation [11) . Then it is possible to classify two groups with respect to 
their isoclinism class. See [10] as general reference on the topic. Successively, this crucial passage 
was pointed out by J. Bioch in [Tl|2] and by N. S. Hekster in [12] with respect to generalizations 
of the notion of isoclinism. At the same way, Definition 11.11 allows us to define an equivalence 
relation, which extends that of P. Hall in [TT], that of J. Bioch in [T|[2] and that of N. S. Hekster 
in |12| . Two groups which satisfy Definition 1 1 . 1 1 are called relative n-isoclinic and we will write 
briefly {Hi, Gi) n {H2, G2). It is easy to see that it is possible to classify two groups with respect 
to their relative n-isoclinism class. 

The main results of the present paper are listed below and they generalize [BJ Theorem 4.2]. 

Theorem 1.2. Assume that Gi and G2 are two compact groups, Hi is a closed subgroup of Gi 
and H2 is a closed subgroup 0/G2. If {Hi,Gi) n {H2,G2), then d(")(i/i,Gi) = d^"^H2,G2) 

Theorem 1.3. Let G be a compact group and H be a closed subgroup of G. If G = HZn{G), then 
{H) = (iJ, G) = (G) . 
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2. Proof of Main Theorems and Some Consequences 

This section is devoted to describe our main results. 

Lemma 2.1. Assume that G is a compact group, H is a closed subgroup of G and Cg([/ii, hn\) 
is the centralizer of the commutator [hi, /i„] in G for some elements hi, hn in H . Then 

S"\H,G) ^ 1^. . . (^J^^lG{CG{[hl,...,hr,]))d^l„{hl)y . .d^lH{h„), 

where 

Mg(Cg([/ii, hn])) = J Xb„_^i (^1, K,9)dfJ.G{9), 
and Xo denotes the characteristic map of the set D„+i- 
Proof. Since 

l^G{GG{[hi,-,K])) = I Xd +S^i^-^K,9)d^.G{g) 

JG 

we have by Fubini-ToneUi's Theorem: 

= Ih ■■■ Uh A*(Cg([^i, h„]))d^Hihi)) ... d^inQin). 

□ 

We recall to convenience of the reader [IJ Section 6, Theorem 3]. Let {Q,i,Ai) and {Vl2,A2) be 
two measurable spaces. The mapping X ; ili is said to be a measurable trans f or mation 

from {^i,Ai) to ($^2,-4,2) if X~^{A2) C Ai. Now for a measurable transformation X from a 
measure space (fii, Ai, jj) to a measurable space (^2, A2) one can check that the measure /i induces 
a measure v on A2 via v{A} = fi{X^^{A)}, for all A G A2. This induced measure is denoted by 
IjlX~^ . Let (j) be an isomorphism from a compact group Gi with Haar measure /iGi onto a compact 
group G2 with Haar measure /iG2- It is clear that is a measurable transformation from Gi to 
G2, then by the uniqueness of the Haar measure on compact groups, we have that /iGj — IJ-Gi4'~^ 
and so 

(*) / fd^iG2 = i if<P)dfiGi- 

J G2 JGi 

Proof of Theorem ] 1.2[ Let {a, P) be a relative n-isoclinism from {Hi,Gi) to {H2,G2) as in Defi- 
nition [TTT] Assume that n = I. Let 11 Hi be a normalized Haar measure on Hi, 11 H2 on H2, fJ.Gi on 
Gi, IJG2 on G2, i^Hi on n Z(Gi)), i^//^ on ff2/(i?2 n Z(G2)), i^Gi on Gi/Z(Gi) and i^Gs on 

G2/ Z{G2). Note that these requirements are well posed, because Hi is a closed subgroup of Gi 
and -ff2 is a closed subgroup of G2. 

With obvious meaning of symbols, we have 

d{Hi,Gi) = /^^ Xi,2(/ii,3i)rfMGi(gi)dAiHi(/ii) 

= /ffi (/^^ (/z(Gi)Xi>2('*i'^i3i)^^z(Gi)(2i)) dz/Gi(gi)^ dnH^ihi) 

= Ih, {I^^ {Iz{g,) ^02(^^1' 9l)d^^ziGl){zl)) dvGiigi)^ d^H^ihi) 

= Ih, ( ^zfJi) ^"2<^^i'gi^ (/z(Gi) ^^z(Gi)(2:i)) (^I'Gilsi)^ dfinAhi) 

= Ih, [ I^^Xo2if^i^9i)diyGA9i)] dfindhi) 
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now by Fubini-Tonelli's Theorem we have 
then we may proceed as before: 

= (^TTT^fe {SH^nz{G^)Xn^hl,gl)d^lz(G,)nHACl)) dvHAhi)^ dvcAgi) 

= (^«T^^ XDj/ii^^i) (/ifinz(GO '^Aiz(Gi)nffi(Ci)) dvHAhi)^ di^a^igi) 

= f Gi ( r Hi XDnihi,gi)dvHi{hi) I dvG^gi) 

now the commutativity of the diagram in Definition 11.11 and the fact that /3 is an isomorphism of 
compact groups allow us to write 

= / Gi f Hi Xr.Al{l,Hi,Gi){hi,qi))dvHAhi)] dvaAgi) 
= / Gi / Hi (/3(7(1, Hi,Gi){hi,gi)))dvH, {hi) ] dvci ig'i) 

Z{Gi) \ ffinz(Gi) ^ y 
Z(Gi) \ HinZ(Gi) ^ y 

now we may apply (*) above so 

= / G2 ( / H2 XdSiA. H2,G2){ki, g2))dvH2{ki) ] dvGoAg^) 

zTGJT V H2nZ(G2) / 

= /_£2_ ( / «2 Xd2 (^1 ' g2)dVH2 (fc'l ) ) C^i^Gs ) 

Z(G2) \ H2nZ(G2) ^ / 

then we may proceed as before 

= {L^hz^g^) ^^''^'^ (/H2nz(G2) df^ziG2)nHAC2)) diyHAki?j dvGA92) 

= {L^hz^g^) {^H2nziG2)^02iki,g2)dfiz{G2)nHAC2)) duH-Aki)^ dvGAg2) 

= (^I_J^ (/ff,nz(G2)>^02(^iC2,.92)dA'z(G2)nff2(C2)) dvHAh2)^ dvGAg2) 

= /_G^ XDA^^^92)dnH2{ki)^ dvGAg2) 
= /if, f i' C2 Xn„(fcl,.92)rft^G,(.92) I c;Mg,(fcl) 
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= Ih2 (^z^ (-^2(02) Xn^i^^l^ 92Z2)dfiz(G2){z2)^ ^^^62 (32)^ ^^^^2(^1) 
= Ih2 Ig2 ^02 (^1 ' 52)d/^G2 {g2)dHH2 ih) 

= d{H2,G2). 

The result follows in this case. 

If we assume that n > 1, then we may repeat step by step the previous argument, writing the 
corresponding integrals for the (n + l)-tuple (/ii, /12, . . . , /i„, 51) of i/"xGi and for the (n + l)-tuple 
(fci, k2, ■ . ■ , kn, (72) of H2 X G2. Therefore the result follows completely. □ 



The proof of Theorem ll.Sl is mainly due to the next two lemmas, where the notations of Definition 
11.11 have been adopted. Note that there is not hypothesis of compactness in the following two 
lemmas. 

Lemma 2.2. {Hi, Gi) % (-^2, G2) if and only if there exist normal subgroups Ni < Z„(G'i), N2 < 
Zn{G2) and two isomorphisms a and P such that a : Gi/Ni G2/N2, /? : [„i?i,Gi] — > [nH2,G2], 
a{Hil{Nir\Hi)) = iJ2/(A^2 nffa) for all gi G Gi and h, e ^([/ii, /i„, gi]) = [fci, fc„, 52], 
where g2 G a[giNi), hi G a(hi{Ni H and 1 < i < n. 

Proof. Assume that (ffi,Gi) ^ (i?2,G2)- We may write A^i = Z„(Gi) and N2 = 2'„(G2). From 
this, the result follows. 

Conversely, one can show easily that a{Zn{Gi)/Ni) = 2'„(G2)/A^2, therefore by third iso- 
morphism theorem, a induces the isomorphism a' from Gi/Z„(Gi) to G2/ Zn{G2) by the rule 
a' (giZn{Gi)) = g2Zn{G2), where 52 G a{giNi). Furthermore 

a'(/ii(Z„(Gi) n Hi)) = /i2(^„(G2) n H2) 
in which /12 G a{hi{Nir\Hi)). Hence (a', /3) is a relative n-isoclinism from {Hi, Gi) to (_ff2, G2). □ 
Lemma 2.3. Let H be a subgroup of a group G = HZn{G). Then 

{H,H) K {H,G) n (G,G). 

Proof We want to show that {H, H) n {H, G). Let G = HZn{G). We may easily see that Z„{H) = 
Zn{G) n H. Thus H/Zn{H) = H/{Zn{G) n H) is isomorphic to HZn{G)/Z„{G) = G/Z„(G). 

Therefore a : H/Z„{H) — > G/Z„(G) is an isomorphism which is induced by the inclusion 
i : H ^ G. Furthermore, we can consider a as isomorphism from H/Zn{H) to H/{Zn{G) fl H). 

On another hand, [„i7, G] = i7Z„(G)] — jn+i{H). By Lemma[521 the pair {a,l^^_^^(^H)) 
allows us to state that {H,H) „ {H,G). 

The remaining cases {H, H) ^ {G, G) and {H, H) „ {H, G) follow by a similar argument. □ 

Proof of Theorem ] 1.3i It follows from Theorem 11.21 and Lemma [^751 □ 

We end with some consequences of the main results. We recall the following lemma, which is 
used in many proofs of [SJ [3 |H1 H] ■ 

Lemma 2.4 (See [5], Lemma 3.1). Let k be a positive integer. If H is a closed subgroup of a 
compact group G, then 

r i, \G:H\^k 
- I 0, \G:H\^ 00. 

Proposition 2.5. Let G be a compact group and G/Z{G) be a p-group of order p^ , where p is a 
prime and k > 2 is an integer. Then d{G) < ^ J^+T^ and the equality holds if G is isoclinic to an 
extra-special p-group of order p'^'^^ . 



6 



R. REZAEI AND F.G. RUSSO 



Proof. By LemmaOwe have fiG(Z{G)) = ^ and HGiCaix)) < i for all x ^ Z{G). Therefore 

d{G) = lGt^G{GG{x}}dfiG{x) = Jzf^a-)f^G{GG{x)) + J(._z(^G)^^G{GG{x)) 



< 



i + (H^)/iG(^(G)) = i + (£^)^ 



By Theorem ll.2[ there is no loss of generality in assuming that G is an extra-special p-group 
of order p'^^^. For all x ^ Z{G) we may consider the epimorphism (p^ : G G' defined by 
'^x{y) = [x,y] in which the kernel is Gg{x). Therefore ^g{Gg{x)) — ^ and so the above inequality 

becomes d[G) = 2^^. □ 

An easy consequence has been shown below. 

Proposition 2.6. If G is a compact group in which Z{G) has infinite index in G, then d{G) < ^. 
In particular, if G is isoclinic to an extra-special p-group for some prime p, then d{G) — |. 

Proof. By Lemma we have ^g{Z{G)) = and ^g{Cg{x)) < ^ for all x Z{G). From this, we 
have 

d{G) = J^f,GiCGix))dtXGix) < i + ^tiG{Z{G)) = i. 

Following the same argument, if G/Z{G) is an infinite p-group, then d{G) < K In particular, 
if G is isoclinic to an extra-special p-group, then we may argue as in the last part of the proof 
of Proposition 12. 5[ concluding that ^g{Gg{x}) — ^ for every x ^ Z[G). Therefore the equality 
d{G) — i holds and the result follows. □ 
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